On the Completeness of Certain Plane Arcs  by Voloch, José Felipe
Europ. J. Cornbinatorics (1987) 8, 453-456 
On the Completeness of Certain Plane Arcs 
JOSE FELIPE VOLOCH 
Let PG(2, q) be the projective plane over the field Y = Yq with q elements. A k-arc is a subset 
K of PG(2, q) for which no three of its points are collinear. An arc is called complete if it 
is not a proper subset of another arc. A basic question is to know for which values of k there 
exists a complete k-arc. On the positive direction very little is known about this question. 
In fact until now the existence of a complete k-arc was known only for a few values of k 
(see, e.g. [7] and the references therein and also [5]. On the negative direction it is known 
that there does not exist a complete k-arc, when q is odd, if k(k - 3) :::; 2q or q - Jq/ 
4 + 7/4 < k :::; q ([3] theorems 9.1.12 and 10.4.4) or 44q /45 + 8 :::; k :::; q if q is prime 
[8]. There are similar results when q is even. 
The purpose of this note is to prove that for q odd q ;?! 175, given t E 7L, It I < Jq, 
(t, q) = 1, there exists a complete k-arc with (q + 1)/2 - t elements. This is done by 
showing that certain arcs constructed by Zirilli (see [10] or [4] theorem 8.2) are complete, 
thus solving the problem posed in [4]. 
From here onwards q is odd. 
Let E be a cubic elliptic curve in PG(2, q), having an inflection point (9 defined over y. If 
we choose coordinates such that (9 = (0: 1 : 0) and the tangent to Eat (9 is the line at infinity, 
then E has an (affine) equation, l = f(x), f(x) a cubic polynomial with distinct roots. 
Suppose now that E has an even number of points, # E = 2k, say. Then E has a 
2-torsion point, sof(x) has a root in y. Therefore we can make a change of coordinates such 
that E is given by the equation l = x 3 + ax2 + bx. We remark that b i= O. 
Denote by y* the multiplicative group of the non-zero elements of y and by (y*)2 the 
subgroup of y consisting of squares. 
Let cp: E -+ (y*)/(y*)2 be defined by 
cp «(9) = I, 
cp «x, y» 
cp «0, 0» 
Our main result is the following. 
if x i= 0, 
THEOREM. If q ;?! 175, cp is a surjective homomorphism and E\cp-' (1) is a complete k-arc. 
PROOF. Let c be an element of y* which is not a square, throughout the proof we shall 
think of cp as taking values in {I, c}, which should cause no confusion. 
The fact that cp is a homomorphism is well known from the proof of the Mordell-Weil 
theorem (see, e.g. [I] thm 1.1) 
To prove that cp is surjective it suffices to find a solution x, y with x i= 0 of the equation 
l = (CX2)3 + a(cx2)2 + bcx2, (I) 
for, then, (cx2, y) E E, cp«CX2, y» = c. 
The equation (1) defines an elliptic curve (put t = y/x), with 2 points at infinity and 2 
points with x = O. So, by the Riemann hypothesis for function fields [9], cp will be surjective 
if q + 1 - 2Jq > 4, which is satisfied, since q ;?! 175 as desired. 
453 
0195-6698/87/040453 +04 $02.00/0 © 1987 Academic Press Limited 
454 J. F. Voloch 
Let K = E - cp -. (I). From the above, it follows that K has k elements. The fact that 
K is an arc is Zirilli's results (see [to) or [4), thm 8.2). 
We now prove that K is complete. 
Let P ¢ K. It must be shown that K u {P} is not an arc and to do this we split the proof 
in three cases. 
(a) PEE. 
In this case cp(P) = I. There are at most four points Q E K such that 2Q = - P. As 
#K = k = t #E > Hjq - 1)2 > 4, there exists Q E K, 2Q i= -Po For such a Q, we 
have that - (P + Q) E K and Q i= - (P + Q). It follows that P, Q, - (P + Q) are 
distinct collinear points in K u {P} , so this set is not an arc. 
(b) 
Let E. be the elliptic curve with equation 
y = C3 X 4 + ac2r + bc. 
We define the following functions on E., 
U = cr, Z = xy, A Yo - Z 
Xo - U' 
B = A2 - a, 
C = 2AZ - b - 2A2U, D = (U - B)2 - 4(C - U(B - U», 
and we define Y to be the double cover of E. defined by W 2 = D . By the Hurwitz formula 
the genus of Y is at most 25. Let (x, y, W) be a rational point on Y with x i= 0, we then 
have that 
(i) P = (U, Z) E K; 
(ii) the line joining P to Po has equation y - Z = A(x - U); 
(iii) the other two intersections of this line with E have x-coordinate satisfying 
r - (B - U)x - C - U(B - U) = o. (2) 
From the equation defining E. it is clear that P = (U, Z) E E and we have that 
cp(P) = cr = c i= I so P E K, so (i) follows. (ii) is clear. 
To show that (iii) holds we note that the x coordinates of the intersection of the line 
joining P and Po with E satisfy (A(x - u) + Z)2 = r + ar + bx. Since x = u is a 
solution of this equation (iii) follows from a simple calculation. 
Let Q, Kbe the other points of intersection ofthe line joining P and Po with E. Since the 
discriminant of (4) is D = W 2, Q, R are rational points of E. Also, cp(P)cp(Q)cp(R) = I so 
cp(Q).cp(R) = c and so either Q or R are in K. Suppose that Q E K. If P i= Q then P, Po , 
Q are collinear points in K u {P}, as desired. 
To analyse the possibility of P being equal to Q or R we need the following lemma which 
is a special case of Pliicker's formula. 
LEMMA. Let E be a non-singular plane cubic defined over a field 01 characteristic p. Let 
P be a point 01 the plane, P ¢ E. Then there are at most 6 tangents to E passing through P. 
PROOF. Bya suitable choice of coordinates we way and will assume that P = (0: I : 0). 
Let/(x, y) = 0 be an affine equation for E. Since a line passes through P if and only if it 
is vertical, the points in E such that their tangent line passes through P are characterized 
by allay = o. Sincelhas degree 3 and allay has degree at most 2, the lemma follows unless 
allay = 0 throughout E, which implies allay = O. As E is non-singular if allay = 0 then 
al lax must be a constant, say allax = A.. If p = 0 this implies that I is linear which is 
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absurd. If P =I- 0 this implies thatf(x, y) = g(x, y)P + A.X + Ji. This is an absurd if p =I- 3. 
If p = 3, then g must be linear and by a change of coordinates one sees easily that 
f(x , y) = 0 is parametrizable, hence of genus 0, hence singular. In all cases we reached an 
absurd under the hypothesis that of/oy = 0, so the lemma is proved. 
From the lemma if follows that if P = Q or R there are only 6 choices for P (since in 
this case PPo is tangent to Eat P), hence 12 choices for (x, y) and therefore 24 choices for 
(x, y, W) E Y. We still have to discard the points of Y with x = 0 and the points at 00. 
Clearly E, has only 2 points with x = 0 so Y has at most 4 points with x = O. E, does not 
have rational points at 00 since c is not a square in y, so Y does not have rational points 
at 00. 
It follows that if we prove that Y has at least 29 rational points then K u {P} is not an 
arc. To prove this we shall apply again the Riemann hypothesis [9] and to do this we have 
to bound the genus of Y. Let g be the genus of Y. 
Since Y is a double cover of E, which has genus I, Hurwitz's formula [2], p. 301) implies, 
in this case that 2g - 2 is the number of points of ramification of the cover Y -+ E, . To 
bound the number of these points (which correspond to D = 0) we notice that they occur 
when Q, R have the same x coordinate. This happens only when Q = ± R. If Q = - R 
then P = (!) and this gives rise to at most 2 points in E, . If Q = R then PPo is tangent to 
Eat Q( = R) so, by the lemma, there are at most 6 choices for P, hence at most 12 points 
in E,: It follows that 2g - 2 ~ 14 or g ~ 8. 
Now, from the Riemann hypothesis, # Y(y) ~ q + I - 16q'/2 ~ 29, by hypothesis. 
This proves that K u {Po} is not an arc as desired. 
(c) 
The proof is similar to that of (b), taking A = Yo the theorem is then proved. 
COROLLARY. Ifq is odd, q ~ 175, t E 7L, It I > Jfj, (t, q) = 1 there exists a complete 
k-arc in PG(2, q) with k = (q + 1)/2 - t. 
PROOF. By Waterhouse's theorem (see [9] or [4] thm 8.1) there exists an elliptic curve E 
with 2k elements, k as above. As we can embed E in PG(2, q) a cubic curve having a rational 
inflection, the corollary now follows from the theorem. 
REMARKS. 
(1) When q is smaller than 175, the result still holds for some values of k by the following 
argument. Let Y' be the double cover of E, given by W 2 = cD. Then it can be shown that 
# Y(y) + Y'(y) = 2 #E, (y) and we also have # E, (y) = # E(y) since E and E, are 
isogenous. So # Y(y) + Y' (y) = 4k. When k is at least (q + 1)/2 we can, by using an 
upper bound to # Y'(y) (using the Riemann hypothesis or otherwise), find an improved 
lower bound to # Y(y) and the argument will go through. 
(2) A similar result can be obtained for q even. In this case we normalize the equation 
for Easi + xy = r + ax + band use as q> the map q> : E -+ y/{t E y, Tr t = O} (where 
Tr: yq -+ Y2 is the trace), that sends (x, y) to x mod {t E y, Tr t = O}. E, is then given by 
substituting x by ~ + x + c, Tr C = 1. A similar argument then produces a double cover 
Y of E, and a similar analysis can be made to prove that K is complete when q ~ 256. 
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